The longitudinally multimode class-B laser with inhomogeneous broadening is known to behave as a chain of coupled oscillators, each being associated to one mode. If emission occurs along the two eigenstates of polarization, we show theoretically and experimentally that the waves propagating in the spectrum are characterized by two dispersion curves associated to oscillations in phase and in opposite phase of two close modes with different polarizations.
states of the modes in addition to their indices. Let us remember that in the paradigmatic case of a one-dimensional diatomic chain, one can distinguish two kinds of longitudinal vibrations. The first one, already observed in monoatomic chains, is roughly characterized by an oscillation in phase of two neighboring atoms (in the limit of long wavelengths). It is associated to the acoustical branch of the dispersion relations. The second one, which stems from the diatomic nature of the chain, lies in the existence of an additional branch of the dispersion relation: the optical branch. It is characterized by an oscillation in in opposite phase of two (different) neighboring atoms, when the wavelength is long.
Analogy between a inhomogeneously broadened laser and a diatomic chain is natural if we consider polarization dynamics in addition to spectral dynamics. In addition to their optical frequencies, the modes are characterized by their polarization states. For instance, in fiber lasers the two polarization eigenstates are known to be linear and orthogonal [11] .
Hence, the coupling between two modes i and j will depend -in addition to their relative "distance" |i − j|-on their relative polarization states. The system can thus a priori be considered as a set of two chains of oscillators (10 4 −10 5 for fiber lasers) with a local coupling.
The first part of the paper will be devoted to the derivation of the model equations.
We will start from a complete model of class-B laser already including spatial and spectral hole-burning [12, 13] . We will then extend it in order to take polarization hole-burning into account, following the usual approach [13, 14] . In order to examine the interplay between inhomogeneous broadening and polarization effects, we will not take spatial hole-burning into account. This will allow, in the second part of the paper, to write explicitly and interpret the dispersion relations which determine the propagation of waves in the set of modes. Finally, we will check the predictions by observing experimentally the response of a Nd-doped fiber laser to the perturbation of a small mode packet. Quantitative check will be provided by the extraction of experimental dispersion curves.
I. MODELING.
A two-level class-B laser without phase-sensitive interactions is generally described by two type of variables: a set of mode intensities s j and a continuous set of population inversions d. Generally, "inhomogeneities" (in the sense of ref. [15] ) are defined by the existence of nonequivalent classes of ions (or atoms or molecules...) each one interacting differently with a given mode. The most obvious inhomogeneity is the spatial distribution of the active medium. This leads to a continuous distribution d(r) with respect to the spatial coordinate r, and has been well modeled in the early sixties by Tang, Statz and DeMars [16] , for Fabry-Pérot cavities. The second kind of inhomogeneity is the existence of classes of ions which center frequencies of interaction are different. This leads to the well-known "inhomogeneous broadening" of the gain. The model of this type of laser, which has been set up in the seventies [12, 13] involves a set of population inversions of the type d(r, ν) with ν the interaction frequency of the considered class of ions. A third kind of inhomogeneity is linked to the orientation distribution of the active ions [15, 17, 18, 14] . For a given "position" (r, ν), the coupling between a mode and an ion depends on its orientation with respect to the polarization state of the mode. A simplification, which does not lead to consequences, consists in describing the distribution of ions by only one angle θ of the dipole direction around the optical axis [14, 19] .
A general model involving the three inhomogeneities can be built starting from the model of ref. [12, 13] , which already includes the dependence in r and ν. It may be easily extended, including the angular distribution of the population inversion [14] . If we distinguish the intensities of the modes associated to the two polarization eigenstates by the superscripts x and y, the rate-equations of a two-level model read:
with σ = x or y. Time is expressed in units of the cavity photon lifetime τ c . γ is the population relaxation rate expressed in units of the photon decay rate 1/τ c , and is typically much smaller than 1. The first integral is taken over the mode volume v. g(r, ν, θ) is the pump profile. The coupling coefficient depends on the three inhomogeneous effects (related to the spatial, spectral and polarization variables):
The homogeneous broadening function β is a lorentzian of half width ∆ (the homogeneous width). ψ j is the field distribution of the mode j. We use the same form of φ σ than in refs. [14, 19 ] φ x,y (r, θ) = (1 ± η(r) cos 2θ) with η(r) defining the ellipticity of the eigenstates at the location (r) (η ranges from 0 for a circular polarization, to 1 for a linear polarization). A convenient normalization of g and α consists in requiring the maximum value of g equal to 1 and A = 1 at the threshold of the laser (thus A is the pump parameter).
The analysis of (1) is particularly tough, hence up to now only simplified versions of it have led to predictions of its dynamics. The effects of a single gain-dependence are known.
Considering the spatial or the polarization effects alone
showed the existence of low-frequencies of relaxation and antiphase dynamics [14, 5] . The consideration of the inhomogeneous broadening alone d = d(ν) (after a simplification consisting in replacing the integral by a discrete sum in (1)) showed that the set of modes behaves as a chain of locally coupled oscillators [9] . This stems from the localized character of homogeneous broadening function β: two modes are strongly coupled if their "spacing" |ν
l | is not much larger than the homogeneous width. ∆ can thus be considered as an "interaction range". In consequence, progressive linear waves can propagate in the set of modes (the equivalent of the "space" is here the mode index j). Experimental evidence of these waves has been pointed out in the case of a Nd-doped fiber laser [9] .
Although polarization effects obviously exist in this laser, no discrepancy between the experimental results and the predictions has been noted. However, let us recall that experiments and theoretical works [4, 5, 11, 14] revealed that polarization effects (such as antiphase dynamics) -though present-are often masked when the analysis is made only on the total intensity. In order to focus on the interplay between polarization and inhomogeneous broadening, we study the model (1) in the following conditions: (i) we do not take into account the spatial dependence of the population inversion. It seems a reasonable assumption for strongly multimode lasers. We then start from the equations (1) where d(r, ν, θ) is replaced by d(ν, θ) and v ψ 2 (r)dv by 1; (ii) For simplicity we will assume a uniform polarization state,
i.e., that η is independent of space. The consideration of the interplay between polarization and spatial dependence being of much higher difficulty [19] , we leave it for further studies.
(iii) we assume no polarization-selective pumping (g(ν, θ) = g(ν)); (iv) we assume for sim-
. Following the usual procedure [14, 19] , we expand the population inversion in Fourier series of the variable θ:
Limiting the expansion to the first harmonic:
(in the right hand side of (2) the ν-dependence of d 0 and d c has been omitted for clarity).
We may replace the integral by a sum in (2) thus discretizing d 0 (ν) and d c (ν). This will be valid in the case the discretization step is sufficiently small. Practically, numerical integration of (2) shows that the populations does not vary significantly over a scale smaller than ∆. In the case of a large number of modes per homogeneous width, (e.g., for fiber lasers where there is some thousands of modes per homogeneous width [9] ), we can write (if the mode frequencies are expressed in units of the mode spacing):
with:
and
. In order to obtain normalized coefficients ( +∞ l=−∞ β l = 1), we take β 0 = tanh π∆/π∆.
II. DISPERSION RELATIONS.
In order to examine the intrinsic properties of this propagation medium, we apply the usual procedure consisting in restoring the translational invariance (g j = 1), and assuming no edges (j = −∞ to +∞).
The symmetry of the problem suggests to introduce the variables:
After linearization, we obtain a set of two uncoupled equations which describe the evolution of the total intensity, and the difference of intensities along different polarizations:
u j is the deviation of the total intensity from its steady-state value, and v j = δI j . We have introduced, in addition to the classical relaxation frequency [1] ω r = γ(A − 1), the low frequency ω l = η √ 2 ω r , associated to an oscillation in antiphase [11, 5] of the modes of different polarization.
Two kinds of progressive waves can (simultaneously) propagate. We seek thus solutions of the form u j = e −αat e i(ωat−kj) and v j = e −αot e i(ωot−kj) , k belonging to the first Brillouin zone [0, π]. As the problem is formally equivalent to the one considered previously in ref. [9] , it is easy to extract the dispersion relations. Keeping in mind that γ is a small parameter:
(valid while S(k) ≫ γ). When the mode spacing is much smaller than the homogeneous width (∆ ≫ 1) the dispersion relations (7a,7b) reduce to the simple form:
(8b) ω a and ω o are respectively associated to waves affecting oscillations in phase and in antiphase [5, 14] of two neighboring modes with opposite polarizations. They may be viewed as the analogs of the usual "optical" and "acoustical" branches in diatomic crystals. The main difference with the diatomic chains is the decreasing nature of both dispersion curves. As a consequence, the phase and group velocities will always have opposite signs. It is worth noticing that the oscillation associated to the optical branch is generally hidden if one observes a mode packet without resolution of the polarization.
III. RESPONSE TO A LOCALIZED PERTURBATION.
In order to check whether the optical and acoustical branches lead to observable effects, we have performed a polarization-resolved experiment on a multimode fiber laser subjected to a short and localized perturbation along one polarization. The analysis of the resulting transient will provide the two dispersion curves.
The experimental system used for checking this approach is basically a neodymium-doped fiber laser operating at 1.07µm. Let us recall that two main conditions must be required for this approach to be valid: (i) the laser must oscillate on a large number of modes (the chain must be sufficiently long); (ii) the homogeneous width (i.e., the coupling range) must be much smaller than the emission width (the chain length). (i) The first condition -multimode emission-is obtained naturally because the gain linewidth (300Å [15] ) is much larger than the cavity free spectral range (of the order of 10
−3Å
).
(ii) The second one is realized by decreasing the homogeneous width to a small value (of the order of 1Å). Technically, it is simply performed by cooling the fiber with liquid nitrogen (77K). The experimental setup [9] is described in Fig. 1 . The active medium is a 3. Two kinds of analysis have be performed. The simplest one is the direct observation of a transient. However, we will see that the manifestation of polarization dynamics (the optical branch) clearly shows up only when one observes the Fourier transform both in space and time of the transients. The response to the perturbation of a small mode packet is represented in Fig.2 . At first view, the transient presents deep similarities with the response already observed in [9] . Let us remember that this latter was obtained from the observation of the total intensity, and a perturbation symmetrical with respect to the polarizations.
Here, the perturbation still induces waves quickly escaping from the center and with maxima moving toward the perturbation location, as expected from the opposite signs of the group and phase velocities. Nevertheless, a careful examination of transient reveals slight shape differences with the one obtained from an observation of the total intensity. The fact that these differences are reproduced by the model(3) (Fig.3) , suggests the existence of waves satisfying with two dispersion curves. However, an unambiguous conclusion requires a more clear-cut check. This can be done by working in the reciprocal space.
The Fourier transformμ(ω, k) both in "space" (the mode index j) and time of the experimental and numerical transients s In conclusion, the analogy between inhomogeneously broadened multimode lasers with chains of locally coupled oscillators leads to the prediction and observation of new effects if polarization is taken into account. If such a laser operates along two polarization eigenstates, it behaves as a set of two chains of oscillators. Each oscillator is associated to one mode, and belong to one or the other chain depending on its polarization state. A linear stability analysis of the model reveals that the waves which can propagate in the spectrum satisfy two dispersion curves. They are the analogs "acoustical" and "optical" branches of onedimensional diatomic crystals. The perspectives of this work are twofold. From the optical point of view, it would be interesting to consider the effect of phase-sensitive interactions on inhomogeneously broadened lasers. It is indeed known to induce dramatic changes in the dynamics when the mode spacing is comparable to the relaxation frequency [21, 19] . From the dynamical point of view, one could turn into account the power of the analogy between this laser and a chain of coupled oscillators, in order to study phenomena related to linear [22] and nonlinear waves in general [23, 24] , for instance in presence of strong modulation.
The doped fiber has been provided by the CNET Lannion. 
